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Generalized Matching Law and 
Behavioural Choice

 As a descriptive model of behavioural choice, the 
generalized matching law (GML; Baum, 1974, 1979) 
has consistently performed well at quantifying and 
predicting preference in concurrent schedule research.

 While much of the research conducted with regards to 
the GML has assessed validity in relation to reinforcer 
rate, multiple additional reinforcer dimensions can be 
assessed.



GML and Reinforcer Dimensions
 In these circumstances, a concatenated form is used to 

encompass the different variables influencing choice.



Assumptions of the GML
 Extending the GML in this way to include multiple 

facets of reinforcement highlights two major 
assumptions inherent in the model:

 Linearity

 Independence

 Relatively few studies have assessed the validity of 
these assumptions, particularly in regards to reinforcer 
magnitude.



Validity of Independence 
Assumption
 Elliffe, Davison & Landon (2008)

 Reinforcer rates varied from 1:1 to 1:9.

 Reinforcer magnitudes simultaneously varied from 1:1 to 
7:1

 In 2 of the 21 conditions, reinforcer rate and magnitude 
both strongly favoured one of the alternatives.



Results
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Conclusions
 Other studies (e.g. McLean and Blampied, 2001) have 

provided support for the assumption of independence.  
So, overall, evidence is inconsistent.

 This highlights the need for further research into the  
independence assumption.  A violation would 
challenge the validity of the GML in its concatenated 
form.



Validity of Linearity Assumption
 The assumption of linearity has also been difficult to 

validate in the past due to small number of studies 
using variation in magnitude.

 In an effort to increase statistical power, Sutton et al 
(2008) performed a residual meta-analysis that 
assessed the validity of the assumption with regards to 
reinforcer rate.



Residual Meta-Analysis
 The logic of a residual meta-analysis is based on the 

idea that fitting a wrong model to a given data pool 
will produce systematic patterns within the residuals.

 These patterns within the residuals represent 
systematic controls over behaviour that are not 
captured by the model in question.
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Fitting a linear model to non-linear data would produce a scatter 

plot similar to that shown below:



A fit of a model such as that on the previous slide would produce a distribution of 

residuals that looks like this:
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Validity of Linearity Assumption
 Relatively few studies have assessed the validity of this 

assumption with regards to relative reinforcer 
magnitude, although available results generally 
support the assumption of linearity (Landon et al, 
2003).

 Indeed, Davison and Hogsden (1984) assert that the 
GML had been adopted for reinforcer magnitude on 
the basis of relatively meagre data.



Conclusions
 Thus, in addition to the assumption of independence, 

it seems that further research is needed in order to 
validate the GML’s assumption of a power function 
between reinforcer magnitude ratios and response 
allocation.

 Residual meta-analysis provides a powerful tool for the 
assessment of these assumptions.



Current Study
 If either of the assumptions are violated, systematic 

patterns within residuals from the fit of the GML 
would be indicated by the identification of significant 
linear or cubic components. 

 The purpose of the current study to apply RMA to 
available archival data gathered from studies that have 
varied only reinforcer magnitude, and both reinforcer 
magnitude and reinforcer rate.



Method
 An extensive literature search revealed appropriate 

studies for either analysis.

 needed to be 2-key procedures employing a concurrent 
VI-VI design.

 needed to report results from experiments that varied 
relative magnitude of reinforcement alone across 
conditions, producing at least four different log 
reinforcer ratios.

 needed at least four different magnitude ratios in 
addition, rate varied across at least three ratios to 
provide differing levels of relative rate of reinforcement.



Studies Used
Study Number of subjects Number of data 

series

Number of data 

points

Linearity Analysis

Davison & Hogsden (1984) 6 5 30

Dunn (1982) 3 3 24

Elliffe, Davison & Landon (2008) 5 15 74

Todorov (1973) 3 9 54

Todorov, Hanna & Bittencourt de 

Sa (1984)

2 2 22

Independence Analysis

Elliffe, Davison & Landon (2008) 5 5 105

Keller & Gollub (1977) 3 3 22

McLean & Blampied (2001) 8 8 114

Schneider (1973) 4 4 48

Todorov (1973) 3 3 54

Todorov, Hanna & Bittencourt de 

Sa (1984)

2 2 58



Calculating Residuals
 The concatenated GML was fitted to data from each 

individual bird, and sensitivity and bias parameters 
were estimated such that VAC was maximised.

 This estimated sensitivity was then used to produce 
GML-predicted log response ratios; the bias term was 
removed from this.

 Residual = Obtained ratio – Predicted ratio.



Polynomial Regressions
 A series of polynomial regressions were then 

performed, in which these residuals from the fit of the 
matching law were regressed onto predicted log 
response ratios (linear component).

 Cubes of these predicted values were also included as 
predictor variables (cubic component)



Results - Linearity
Study Avg. aM Avg. log Bias Avg. VACr Avg. # of Reinforcers per 

Condition

Davison & Hogsden, 0.90 0.056 0.72 946

Dunn, 1982 1.82 0.070 0.98 1712

Elliffe, Davison & 

Landon

0.64 -0.062 0.91 2525

Todorov, 1973 0.40 0.170 0.58 350

Todorov et al, 1984 0.32 -0.104 0.48 211



Results - Linearity
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Results - Linearity
Dependent 

Variable

Predictor 

Variables

B S.E. of B R2 F d.f.

GML Residuals

(Responses)

Bias-free 

predictions

0.0061 0.0444

Bias-free 

predictions3

-0.0030 0.0763

0.0001 0.0128 201



Conclusions - Linearity
• No significant  linear or cubic components were 

found in GML residuals for response allocation.

• This supports the assumption of the GML, that 

log reinforcer magnitude ratios are a linear 
function of log response ratios



Results - Independence
 The first polynomial regression included all data 

points in the current sample:

Study Avg am Avg aR Avg VACr Avg log 

bias

Avg # of 

reinforcers per 

condition

Keller & Gollub 0.61 0.47 0.93 -0.013 2204

Schneider 1973 0.34 0.60 0.94 0.040 511

McLean & 

Blampied

0.87 0.67 0.91 -0.007 2312

Elliffe Davison 

Landon

0.63 1.01 0.98 -0.037 2525

Todorov 1973 0.40 0.90 0.71 -0.011 350

Todorov et al 

1984

0.26 0.82 0.83 -0.062 211



Results – All data points
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Results – All data points
Dependent 

Variable

Predictor 

Variables

B S.E. of B R2 F d.f.

GML Residuals

(Responses)

Bias-free 

predictions

0.0418* 0.0203

Bias-free 

predictions3

-0.0384** 0.0147

0.0169* 3.4199 398



Post-hoc Analyses
 Initial analysis indicates the presence of significant linear 

and cubic components within the residuals of the entire 
current sample.

 In order to investigate the source of this systematic pattern 
within the residuals, further polynomial regressions were 
performed on the data pool.

 Possibility that systematic deviations within the data pool 
overall can be attributed to idiosyncratic features of 
particular studies, such as training or trial methodology.



Post-hoc Analyses
 The high proportion of data points contributed by 

Elliffe et al (2008), and their use of relatively extreme 
reinforcer ratios, highlighted this study as a possible 
major contributor to the significant results.

 Thus, two further regressions were conducted: one 
using data points from this study only, and the other 
using all remaining data points.



Results – Elliffe et al separate
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Elliffe et al (2008)

105 data points

All remaining studies

296 data points

R2 = 0.1105*

F = 6.3386

R2 = 0.0013

F = 0.1839 



Results – Elliffe et al separate
Sample Dependent 

Variable

Predictor 

Variables

B S.E. of B R2 F d.f.

Elliffe et al 

2008

GML Residuals

(Responses)

Bias-free 

predictions

0.0871** 0.0284

Bias-free 

predictions3

-0.0591*** 0.0166

0.1105** 6.3386 102

All 

remaining 

studies

GML Residuals

(Responses)

Bias-free 

predictions

0.0149 0.0318

Bias-free 

predictions3

-0.0274 0.0452

0.0013 0.1839 293



Results - Independence
 Data points contributed by Elliffe et al (2008) are 

implicated as the major contributor to the suggested 
interaction effect between reinforcer rate and 
magnitude.

 This suggests that the significant patterns found could 
be a result of idiosyncratic features particular to this 
study.

 Next step – to repeat analyses with most extreme 
reinforcer ratios omitted.



Results – Extremes Omitted and GML refitted
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Results – Extremes Omitted
Sample Dependent 

Variable

Predictor 

Variables

B S.E. of B R2 F d.f.

Elliffe et al 2008, 

extremes omitted

GML 

Residuals

(Responses)

Bias-free 

predictions

0.0396 0.0330

Bias-free 

predictions3

-0.0358 0.0257

0.0207 0.9731 92

All Studies, extremes 

omitted

GML 

Residuals

(Responses)

Bias-free 

predictions

0.0219 0.0226

Bias-free 

predictions3

-0.0264 0.0218

0.0038 0.7384 388



Results - Independence
 Thus, the significant linear and cubic components 

found within the data pool as a whole can be 
attributed to the effects of 2.5% of the entire sample 
(two conditions for 5 birds = 10 data points).

• The independence assumption of the concatenated 
GML is supported when the most extreme reinforcer 
ratios are excluded.



Extreme Reinforcer Ratios
 The question thus remains to be answered as to why 

extreme reinforcer ratios produce this apparent 
interaction effect.

 A possible explanation of this is that dependent 
scheduling, such as that used by Elliffe et al (2008), 
produces a ceiling effect that gives the appearance of 
an interaction between reinforcer dimensions 
(Mattson, Hucks, Grace & McLean, in print).



Interaction revisited
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Conclusions

 Overall, results suggest that data from all available 
studies support the inherent assumptions of linearity 
and independence of the GML, with regards to 
reinforcer magnitude and reinforcer rate.

 These results also support the modification and 
application of the GML to include reinforcer 
magnitude, in both the strict and concatenated forms.


